ABSTRACT. Let U be the unit group of the integral group ring of a finite group G. We prove that every subgroup of U containing G and almost subnormal in U contains a noncyclic free group unless G is abelian or a Hamiltonian 2-group.
SUBNORMAL SUBGROUPS IN U(ZG)
ABSTRACT. Let U be the unit group of the integral group ring of a finite group G. We prove that every subgroup of U containing G and almost subnormal in U contains a noncyclic free group unless G is abelian or a Hamiltonian 2-group.
1. Introduction. Let UZG be the unit group of the integral group ring ZG of a finite group G. It is a well known result of Hartley and Pickel [4] that UZG contains a noncyclic free subgroup unless G is abelian or a Hamiltonian 2-group. A nonabelian group is said to be Hamiltonian if all its subgroups are normal. It turns out [2] that a nonabelian Hamiltonian group is isomorphic to Kg x E x O where E is an elementary abelian 2-group, O is an odd abelian group and Kg is the quaternion group K8 = {i,j\i2 = z = j2, z2 = l, i>=i3}.
It is knwon that U(K8 x E) = ±K8 x E [10] . Let us say that a subgroup M of U is "almost subnormal in Í7" if there exists a chain of subgroups M = M0 < Mi < M2 < ■ • • < Ms = T <f U with Mi normal in M¿+i and (U : T) finite. We prove the THEOREM. Every almost subnormal subgroup of UZG containing G contains a noncyclic free group unless G is abelian or a Hamiltonian 2-group.
We shall prove the theorem by induction on |G|. We shall have to handle groups all whose proper subgroups and factor groups are abelian or Hamiltonian 2-groups. These groups and their representations will be studied in §2. The proof of the theorem will be given in §3.
Groups
with abelian or Hamiltonian factors and subgroups. In this section we characterize those finite groups G which have all proper subgroups and factor groups abelian or Hamiltonian 2-groups. We shall write K8 x E for a Hamiltonian 2-group even though E might change from group to group. We need the following result [2, p. 187].
LEMMA 2.1. Let G be a nonabelian p-group having a cyclic subgroup of index p. Then G is isomorphic to one of the following:
(i) (a,b\ap = 1 = bp, ab = a1+p ), n > 2, p any prime, (ii) generalized quaternion group (a2 = 1, b2 = a2
, ab = a"1), n > 2, (iii) the dihedral group (a2 = 1 = b2, ab = a~1), n>2, (iv) (a,b\a2n = l = b2, ab = a"^2""'), n > 2.
We remark that if p = 2 and n = 2 in (i) we get D4 the dihedral group of order 8 of (iii) and by taking n = 2 in (ii) we get K8.
COROLLARY 2.2. Let G be a nonabelian p-group having a cyclic, subgroup of index p and having all proper factor groups abelian. Then G must be one of the following:
(i) (a,b\ap = 1 = bp, ab = a1+p ), n > 2, p any prime,
(ii) K8, the quaternion group of order 8.
PROOF. In cases (ii), (iii) and (iv) of (2.1) if we factor by (a2" ) we get a nonabelian group unless n = 2 in which case G is K8 or D4. Since D4 is included in (i) the corollary is proved. by (yp ) we get a nonabelian group. Thus yp G (z) and G has a cyclic subgroup (x) of index p. It follows by (2.2) that G is of type I or is K8.
We have proved that if G is a p-group for an odd prime p then G is I or II.
(b) Now let G be a 2-group. We consider the following cases separately, (i) Every proper subgroup and factor group of G is abelian. (ii) G has a nonabelian subgroup of index 2. (iii) G has a nonabelian factor group. Case (i) has already been considered in (a) where G turns out to be of type I or V.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Case (ii). We have G t> E x K8 D (z) "3 1 where (z) is the centre of K8 and (G : £ x Kg) = 2. Thus (z) < G and every subgroup of G/(z) is normal as G/(z) is abelian or Hamiltonian.
Therefore K8 < G. Moreover, for x G G, x £ E x K8, (x,E) -1. This may be seen as follows:
(E,x,z) = {ex^zv[eGE, 0 < p < 4, y = 0,1}, due to the fact that e being of order 2 is central in G/(z) and 0(x4) divides 2.
We have at most \E\ ■ A ■ 2 elements in (E, x, z) whereas |G| = \E\ • 8 • 2. Thus (E, x,z) t¿ G and (e) < (E, x, z) which implies ex = xe. The following possibilities arise:
Since in G/(z) every subgroup is normal, we have ix = i or iz, jx = j or jz, (ij)x = ij or ijz.
We can rename the generators of K8 so that ix = iz, jx = j.
(1) (jx)2 = y2:r2 = zx2 and so O(jx) = A. We have Px = (iz)x = i, jJX = j. Thus we have G 2 K8 x (y) with y = jx having order 4. This subgroup does not satisfy the hypothesis as (iy) is not normal.
(2) 0(x) = 2, ix = iz = i3. Then G contains (i,x) a dihedral group, which cannot be. (3) x2 = z, jx -j, (jx)2 = z2 = 1 and we have G D (i,jx) a dihedral group of order 8, which cannot be.
(4) x4 = z, O(x) = 8, then (K8,x) has a cyclic subgroup of order 8. Then by (2.1) we have (i) through (iv). But (ii), (iii) and (iv) have D4 as factor group which is not allowed. Thus we are left with the possibility I.
Case (iii). G has a nonabelian factor group G/N. Pick zi G N, central in G of order 2. Then G/(zi) is nonabelian and thus isomorphic to E x K8. We have G/izi) = (*i j)-Either i4 or j4 = zi, then we have a cyclic subgroup of order 8 and we are done as in (4) above or i4 = 1 -j4 and we have G = K8 x E which is V. (ii) Now suppose that p = 2 and K is not rational or an imaginary quadratic field. Since G is nonabelian G/c(G) is not cyclic. Thus the kernel of detp is not central and we can find a noncentral g G G with detp(<?) = 1.
(iii) The remaining possibility to consider is p = 2, K = Q or imaginary quadratic.
If For a commutative ring R and an integer n > 2, we denote by GL(n,R) and SL(n,R) the general linear and special linear groups of degree n over R. Let E(n, R) be the group generated by elementary matrices / + rEtj, r G R where Eij is the matrix with r in the (i,j) place i ^ j and zeros elsewhere. If J is an ideal of R we denote by E(n, J) the normal subgroup of E(n,R) generated by the J-elementary matrices / + rE%j, r G J unless n = 2 in which case it is the normal subgroup of SL(2,R) generated by the J-elementary matrices. We need two results due to Bak [1] and Serre [9] . and hence M contains a free noncyclic subgroup. 3.7. PROOF OF THEOREM. We say a group G has property (*) if any almost subnormal subgroup of t/ZG containing G contains a noncyclic free group, i.e., the existence of a sequence of groups G C M = M0 < Mi < ■ ■ • « Ms = T <f UZG implies that M contains a noncyclic free group.
We assert that if a subgroup or a factor group of G has property (*) then G has property (*). First, assume that a subgroup H of G has property (*). Then if M is almost subnormal in UZG and contains G we get by intersection that MDUZH is an almost subnormal subgroup of UZH containing H. Thus M n UZH contains a noncyclic free group and so does M. Now, suppose that G/N has property (*). We have QG ~ Q(G/N) © I. Let A be a maximal order containing ZG. Then A = Ai © A2 and (Ax : UZG) < 00, where Ax is the multiplicative group of A. It follows that (Ax : T) < 00 and (Ax : f) < 00. Therefore, M, an almost subnormal subgroup, containing G/N, of Ax contains a noncyclic free group. Thus M contains a noncyclic free group.
We prove the theorem by contradiction. Suppose that G is a group of smallest order which is not abelian or a Hamiltonian 2-group but does not satisfy (*). Then all proper subgroups and factor groups of G are abelian or Hamiltonian 2-groups. It follows by (2.3) that G is one of the types I through IV. Let us first assume that G is of type I, II or III. Then we know by (2.4) that we have a projection p of QG -► Knxn, n > 2, onto a simple component of QG such that p(G) C GL(n,0), where O is the ring of algebraic integers of an algebraic number field K. We are given a series GcM = M0<M1<i---«Ms=r</[/ = UZG. and i'^^u-ziu^1 = (1 + çj)2ma~m lie in Ms_i. Repeating this procedure we obtain that (1 + çi)2na~n, (1 + çj)2na~n for some n lie in M. It follows as in [4] by using [11, Proposition 3.12 ] that M contains a noncyclic free group.
